EXPLICIT CONSTRUCTION OF NON-LINEAR
PSEUDO-ANOSOV MAPS,
WITH NONMINIMAL INVARIANT FOLIATIONS

JEROME CARRAND

ABSTRACT. Starting from any linear pseudo-Anosov map ¢ on a surface of
genus g > 2, we construct explicitly a family of non-linear pseudo-Anosov
maps f by adapting the construction of Smale’s Derived from Anosov maps
on the two-torus. This is done by perturbing ¢ at some fixed points. We
first consider perturbations at every conical fixed point and then at regular
fixed points. We establish the existence of a measure u, supported by the
non-trivial unique minimal component of the stable foliation of f, with re-
spect to which f is mixing. In the process, we construct a uniquely ergodic
generalized interval exchange transformation with a wandering interval that is
semi-conjugated to a self-similar interval exchange transformation. This gen-
eralized interval exchange transformation is obtained as the Poincaré map of
a flow renormalized by f. When f is C2, the flow and the generalized interval
exchange transformation are C1.

1. INTRODUCTION

Along with the Spectral Decomposition of Diffeomorphisms theorem, Smale [26]
Theorem 1.6.2] introduced Derived from Anosov maps — build by perturbing a lin-
ear Anosov transformation of the two-torus at a fixed point — in order to provide
an example of transformation with a proper hyperbolic nonwandering set. The
topological classification of such admissible basic sets is performed in dimension
2 in [3, 2]. Later, Coudéne [I2, Chapter 9] introduced an explicit formula for
such a map — which differs slightly from the one used in [20, Section 17.2]. This
formula is interesting from several viewpoints: it is an explicit Axiom A diffeomor-
phism which renormalizes a C' flow, a slightly more general setting than the recent
Giulietti-Liverani horocyclic flows construction [I7] — see [I0] for more details. Fur-
thermore, the Poincaré map of the flow on a transversal closed curve provides a
Denjoy counter-example.

The purpose of this paper is to provide explicit generalizations of Coudeéne’s
construction to surfaces of higher genus.

Since the work of Thurston [I4], it is known that pseudo-Anosov maps are rel-
evant examples of surface diffeomorphisms. Essentially, in the orientable case, a
pseudo-Anosov map on a surface Sy of genus g > 2 can be defined as an element of
the homotopy class of a map preserving a flat metric on S, and locally given — in
the natural coordinates associated to the half-translation structure — by the action
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of a diagonal and hyperbolic matrix of determinant one. Furthermore, up to a sign
change, the matrix is constant on S, \ % — where ¥ denotes the set of conical points.
The element of the homotopy class given by the action of the matrix is called linear
pseudo-Anosov, and we call non-linear pseudo-Anosov any element of its homotopy
class. It easily follows from this definition that iterates of a pseudo-Anosov map
are also pseudo-Anosov maps. See for instance [21] for an equivalent definition and
many instructive examples.

Many of the dynamical properties of linear pseudo-Anosov maps are known and
can be found in [13, [14] and more recently in [15]. For instance, stable and unstable
measured foliations are uniquely ergodic, every leaf of these foliations is dense, and
the map is Bernoulli with respect to the product measure — which has full support.
However, most of these properties do not hold for general non-linear pseudo-Anosov
maps since homotopy classes do not generally coincide with conjugacy classes — for
example, it is not the case for homeomorphism of the circle.

In this paper, we prove the following result using an explicit construction:

Theorem 1.1. If ¢ is a linear pseudo-Anosov map on Sy preserving an Abelian
differential which vanishes on the finite set ¥ of conical points, then there exist
an integer n and a non-linear pseudo-Anosov map f homotopic to @™, a proper
f-invariant compact connected hyperbolic subset K & Sy \ X, and a f-invariant
measure p supported by K such that

(i) K is an Aziom A attractor for f~'|g, s,
(i) K is locally the product of an interval with a Cantor set,
(iii) K is the minimal set of the stable foliation of f,
(iv) f is mizing with respect to . In fact, p is the unique SRB measure of f~1.

In particular, since K # Sy, f and ™ are homotopic but cannot be conjugated.

The transformation f is constructed in a similar fashion as in [I2, Chapter
9] by perturbing ™ at conical points. A similar construction can be performed
by perturbing ¢" at a regular fixed point, and counterpart results are stated in
Section [5| (Theorem [5.8)).

In this particular construction, along the lines of the proof of Theorem we
are bound to consider a flow renormalized by f. This leads to our second result:

Theorem 1.2. For every function f constructed as in Theorem[I.1], there exists a
flow hy on Sy X such that

(i) h: is complete on K and %ht(x)\tzo spans the stable foliation of f, for all

z in K,

(i) for all real t and all x in Sy \ X, whenever both sides of the equation are
well defined, f o hxi(x) = hy o f(x), where X > 1 is the dilation of ©™,

(#ii) hy is uniquely ergodic, with unique invariant measure supported by K,

(iv) K is an attractor (for future and past times) for hy, on which the flow acts
minimally.

Furthermore, if f is C2, then hy is a C' flow.

Foliations with a similar property — namely being locally the product of an
interval with a Cantor set — have been studied in [6, 4] in the case of the geodesic
flow of homothety surfaces.

The proof of Theorem [[.2) relies on a criterion for establishing a semi-conjugacy
between a generalized interval exchange transformation — GIET for short — with an
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interval exchange transformation — IET for short — studied by Yoccoz in [27]. This
criterion is based on the Rauzy—Veech renormalization algorithm for GIET. An IET
is a piece-wise translation bijection, with finitely many branches, of a given base
interval, while a GIET is a bijection of the interval which is a piece-wise increasing
homeomorphism with finitely many branches. These transformations can be seen as
the first return map of a flow on a surface to an interval. See for instance the surveys
[16, 29]. On the other hand, IET and GIET can also be seen as generalizations of,
respectively, rigid translations and diffeomorphisms of the circle.

Since the work of Denjoy — see [18, [1] — it is known that every C* diffeomorphism
of the circle such that the logarithm of its derivative is a function of bounded vari-
ation has no wandering interval. There is no analogous result concerning interval
exchange transformations. In fact, there are several counter-examples, including
some very smooth ones. In [22] Levitt found an example of non-uniquely ergodic
affine interval exchange transformation — AIET for short — with wandering inter-
vals. Latter, using Rauzy—Veech induction, Camelier and Gutierrez [9] exhibited a
uniquely ergodic AIET with wandering intervals, semi-conjugated to a self-similar
IET — i.e. an IET induced by the foliation of a pseudo-Anosov diffeomorphism.
Then Bressaud, Hubert and Maass [7] found a Galois type criterion on eigenvalues
of a matrix associated to a self-similar IET in order to admit a semi-conjugated
ATET with wandering intervals. Finally, Marmi, Moussa and Yoccoz proved [23]
that almost every IET admits a semi-conjugated AIET with a wandering interval.

While proving Theorems and we obtain the following result:

Theorem 1.3. For all self-similar IET Ty arising from a pseudo-Anosov map
which fizes an Abelian differential, there exists a C' GIET T semi-conjugated to Tp
such that

(i) T has a unique minimal set. This set is a Cantor set and is an attractor
for T and T71,
(i) T is uniquely ergodic,
(i4i) T has wandering intervals.

Furthermore T can be chosen to be the Poincaré map of a C* flow of a surface and
to have a unique wandering interval.

1.1. Reader’s guide. Section[2]is devoted to the construction of a good candidate
for the map f of Theorem|[I.T]and to proving the existence of an invariant hyperbolic
set constructed as an attractor for f~!. The construction is based on Smale’s idea
[26, Section 1.9] of Derived from Anosov map, and generalizes the construction
done by Coudéne in [I2, Chapter 9] and in [I1]. Here, the construction consists in
perturbing a given pseudo-Anosov map ¢ — which, up to taking one of its power,
fixes each conical point — by taking benefits of the branched cover surrounding each
conical point. From the construction, there exists a natural homotopy between ¢
and f. To avoid notational complications, we perturb at all conical points, but a
similar construction can be performed by perturbing only at some conical points.
All properties hold in that more general setting. We then check basic properties
for the map f. In addition, we prove the existence of an invariant compact subset
K and show that this set is hyperbolic by computing explicitly a vector field v*
spanning the stable foliation — the unstable foliation coincides with the one of .
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By construction, v® satisfies, for all = in K, the relation

(1.1) do f o (x) = X710 (f(2))
where A > 1 is the dilation of .

Most of the work is carried in Section [3] We prove several technical results
concerning the domain and the regularity of v°. In particular, we prove that v*
extends to S, \ X into a Lipschitz continuous vector field (Theorem which
satisfies everywhere. Under an additional assumption on the regularity of f,
we prove that v* is C! (Theorem . We also prove that the homotopy between ¢
and f induces a homotopy between v® and the constant vector field spanning the
stable foliation of ¢ (Theorem |3.10). By integration of v®, we get a flow h; that
satisfies
(1.2) fohy(z) =hy-10 f(2)
because of , for all z in Sy ~ ¥ and ¢ in R whenever both sides are well
defined. Using this commutation relation we deduce that K is connected and that
f + K — K is topologically transitive. A similar commutation relation is used
by Butterley—Simonelli [§] where a parabolic flow is renormalized by a partially
hyperbolic map on some 3-dimensional manifold.

In Section [4] we prove that f is mixing with respect to a measure supported by K.
Because of the commutation relation and the usual functional characterization
of mixing, it is sufficient to prove that h; is uniquely ergodic in order to prove that f
is mixing. This last step is done by considering the induced GIET T by h; to some
transversal interval. Using the homotopy of vector fields, we prove that T follows
the same full path as a self-similar IET Tj during the Rauzy—Veech algorithm,
hence T is semi-conjugated to Ty by a result of Yoccoz [27, Proposition 7] — this
proves Theorem Unique ergodicity of h; will then follow from writing h; as the
suspension flow of T'.

Section [f]is devoted to extending results of Sections[3|and [4] to a slightly different
construction than the one in Section There, instead of perturbing a pseudo-
Anosov map at conical points, the perturbation is done near a regular fixed point.
Most of the results obtained in previous sections hold in this setting.

Finally, in the last section, using extensively Ruelle’s results [24] on the SRB
measure of Axiom A attractors, we prove that p is the unique SRB measure of
f~! for a C? perturbation, and that the correlations decrease exponentially fast
for C! observables. We also ask whether the result on Ruelle spectrum of linear
pseudo-Anosov maps [I5] extends to the present case.

2. PERTURBATIONS OF PSEUDO-ANOSOV MAPS WITH HYPERBOLIC ATTRACTORS

In this section we give a method to construct a generalization of Smale’s Derived
from Anosov maps — which are defined on the two torus — from a perturbation of a
given linear pseudo-Anosov map — on a surface of genus g > 2. We then investigate
some classical properties of dynamical systems in the case of those specific non-
linear pseudo-Anosov transformations. We first prove that these maps are well
defined and are homeomorphisms. Then, we show that for some good choices of
parameters, conical points are the only attractive fixed points of f. Since the
basins of attraction are disjoint open sets and the underlying surface is connected,
the complement K of the union of the basins of attraction is not empty. This
compact set K is of great importance since in a certain sense the chaotic behaviour
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of the map f is concentrated in K. More precisely, we show that K is a compact
hyperbolic set.

2.1. Perturbation of a pseudo-Anosov. Let ¢ be a linear pseudo-Anosov trans-
formation on the Riemann surface S, of genus g. Therefore the invariant foliations
of ¢ can be derived from a holomorphic quadratic differential ¢ invariant by ¢. Up
to consider a cover of order two in most cases, it is not too restrictive to assume that
the quadratic differential is Abelian, in other words ¢ = w? so that the transition
maps, of the flat structure induced by natural coordinates of w, are pure transla-
tions. Up to multiplying w by a modulus one complex number, the horizontal and
vertical foliations {R(w) = 0} and {&(w) = 0} are the invariant foliations of ¢. Let
A > 1 denote the stretch factor of . This stretching is assumed to correspond to
the vertical measured foliation. The horizontal measured foliation is stretch by a
factor A~1. Let ¥ be the set of points where w vanishes, and we call these points
conical points. We now consider the flat structure induced by w on S, \ X, that
is charts z so that w = dz. In the neighborhood of every conical point ¢ € X,
there exist a positive integer n,, an open set and a chart z on this set such that
w = 2"~ 1dz. The angle around o is then 27n,.

Outside of these neighbourhoods of points of X, we set f to be equal to p. We
now construct f to be a perturbation of ¢ around each o in X.

Let o be a conical point, V, a neighborhood of ¢ and a chart z on V, so that
w = z"~1dz. Let ¢ be the branched cover at ¢ associated to the chart z, £ : z €
27 W, = 2" € E(z7Y(V,)) € C. Let (W;)igicon, be a family of open sets of
C ~ Ry such that all &|w, are homeomorphisms. Up to replacing ¢ by one of its
power, we assume that every conical point is fixed by ¢ and that ¢ respects the
leaves of the branched covers: ¢(W;) NV, C W; for all i.

We can define f on the base of the branched cover in the exact same manner as
Smale [26], Section 1.9] does. In order to perform further analysis on the map, we
give the following explicit formula that generalized the one used in [I2, Chapter 9]
and [II] in the case of the cat map on the two-torus.

For z =z 4+ iy € C ~\ R in the image of £, we define f as :

FElw (2) = €l (A + Boko (|2l /ao))z +ir~1y)

for some a, > 0, B, < 1 — X and with |z| < a, and where k, : R — R is an
even unimodal map of class C!, compactly supported in [—1, 1] and such that k/ is
Lipschitz continuous, for example ko (r) = (1—7?)21;_ ;;. We do this perturbation
at every conical point. We will see that such f is well defined for small enough «,, .

When such a map f is well defined, we will see in next section that interpolating
(Bs)oex with 0 gives a homotopy between f and ¢. Therefore, f is an example of
non-linear pseudo-Anosov transformation.

We give in Figure[I]a heuristic representation, when n, = 1 — which corresponds
to the case treated by Smale in [26].

Remark 2.1. Because this construction generalizes Coudéne’s one [12], Chapter 9]
on the two-torus, all results obtained in following sections have their counterparts
in the two-torus case.

2.2. Smoothness and range of parameters. In order to ensure that the explicit
construction introduced above makes sense, we need to ensure that the open sets
V, near each conical point do not overlap with one another, nor with themselves.
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FIGURE 1. Heuristic representations of a saddle and of a per-
turbed saddle.

This can be easily done by taking the parameter a, small enough. We give a simple
bound on their size by geometric considerations.

Let Systs.(Sg) = inf{d(c1,02) | 01,02 € L}, where d is the distance for the flat
metric on S, associated to the invariant measured-foliation of ¢. Let Syst(S,) =
inf{l(y) | v # 0 in m;(Sy)} be the smallest possible length of any non-trivial loop.
Then define d5; = min(Systs.(Sy), Syst(Sy)).

Proposition 2.2. For all 8, €] — A\, 0] and all o, < 65/2, [ is a homeomorphism
on Sy and is a C* diffeomorphism on Sy \ X.

Proof. Clearly, f is continuous on S, and differentiable everywhere except on 3.
The differential on S, \ X of f is invertible, hence f is a local homeomorphism on
Sy~ 2 and hence f(S, \ X) is open. In charts around points of ¥, one can see
that f is a local homeomorphism in a neighbourhood of ¥. Hence f(S,) is open.
Since S, is compact, f(S,) is closed. Hence f(S,) = Sy, because S, is connected.
Therefore, f is a surjective local homeomorphism, hence f is a covering map. Since
the pre-image of a point of X by f is itself, f is injective. O

By refining the range where the 3, live, we can turn conical points into attractive
fixed points.

Proposition 2.3. For 8, €]— A\, 1 -] and o, < d5/2, 0 € X is an attractive fived
point for f. Let U, be its basin of attraction. Then U, is an open set.

Proof. 1t is a consequence of the Grobman-Hartman theorem when looking at f

through the branched-covering map around 0. We have U, = |J f~"(B(o,¢)), for
n=0
some small enough ¢ > 0. (]

Since basins of attraction U, are disjoint open sets and S, is connected, these
basins are not an open cover. Therefore the complement of the union of basins is

not empty. Define K = S; ~ || U, and Us = || U,. These sets are clearly
ocx cex
invariants by f.

Proposition 2.4. If for some 0 € &, f, €] — A\, 1 — A and a, < dx/2, then there
exists a fized hyperbolic point pf, 1 < i < 2n,, on each vertical ray starting at o.
We number them by going counter-clockwise around o. All these points are at the
same distance |p°| from o. Moreover B(a,|p°|) C U,.

Proof. Let o, B, and a, be as in the proposition. Let v : [0,a,] — S, be a
unit speed parametrization of a vertical ray such that v(0) = o. Hence, in charts,
f(y@®) = (A + Bok(t/as))t. Let h : [0,a,] — R be the function h(t) = (A +
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Bok(t/as))t. Then h(0) =0, h(ay) = Aay > aq, and b'(0) = A+ 5, €]0, 1[. Hence
h has a fixed point in ]0, o [. Call ¢o the smallest fixed point. This value doesn’t
depend on which vertical ray starting from o we consider. The point p = (t,) is
fixed by f and is hyperbolic: in the charts centred at o, the Jacobian matrix of f

at p is
14 Boto Zk(422)y
(Jacf)(p):< A 03 (Far) )

where Byt (%;U)) > 1.
By definition of ¢y, we have ([0, ty[) C U,. Let z € B(o,tp). In the appropriate
leaf of the branched-cover over o, we have z = (z,y) in coordinates. Hence,

d(f(2),0) < (A + Bok(d(z,0)/ag))*x* + A2y
< (A + Bok(to/as))?a® + A2y < 2 + A7%y? < d(z,0).

Hence, the function z — d(f(z),0)/d(z, o) is continuous and strictly bounded from
above by 1 on the compact annulus {z € S, | € < d(z,0) < t9 —e}. Therefore every
orbit of point from the ball B(o,tg — €) ends up entering the ball B(o,e). Hence
the claim. (]

2.3. Invariant sets. Here we investigate the topological aspects of the invariant
set K. In particular we prove that it can be written as the union of the closure of
some stable leaves of the hyperbolic fixed points p{ and that it is a hyperbolic set.

We start by proving that the set Uy, is dense in Sy, or equivalently that K is of
empty interior. In order to do this we need the following lemma which is obtained
by simply computing the differential of f.

Lemma 2.5. Define (¢7); as the 2n, points at distance |p°| from o on the horizon-

tal rays starting from o. Then for allz € Sy~ || (B(o, [p7)U{¢7 | 1 <i < 2n,}),
oceX
f is a strict dilation in the vertical direction.

Proposition 2.6. For all x € K and all € > 0, every vertical segment of length
€ containing x in its interior crosses Uy. Hence Us, is dense and K has empty
interior.

Proof. By contradiction, let y : [—¢,&] = S, be a vertical segment parametrized by
arc length, containing some z € K and such that vy([—¢,&]) NUs = . Without loss
of generality, we can assume that y(0) = z. Since Us; is invariant by f, we see that
the existence of some —e < t < € such that f*(v(t)) € Us is impossible. Hence
I™(v([—¢€,¢])) N Us = 0. By construction of f, the set f™(y([—e,¢e])) is a vertical
segment, containing f™(x) in its interior and of length /,,. Since f is a strict dilation
in the vertical direction on the compact set K, there exist [, > 1 such that [,, > 7.

Let 6 = inf{|p”| | o € £} and since K is compact and invariant by f let y € K
be a subsequential limit of (f™(z)),. Let ni be an increasing sequence of integers
such that f™ (z) converges to y as ny goes to infinity. We know — see [I3] corollary
14.15] — that the vertical leaf containing y is at least infinite in one direction and is
dense in S;. In particular, some sufficiently long section of this leaf, containing ¥, is
d/4-dense in S;. Hence, for large enough ny, the curve f"(y([—¢,¢])) is sufficiently
long and sufficiently close to the vertical leaf containing y to be §/2-dense in S,.
In particular, there exists —¢ < ¢t < e such that d(f™(y(t)),o) < ¢ for some o € ¥.
This contradicts the fact that B(o, |[p°]) C Us. O
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Recall definitions of strong stable and strong unstable leaves of x € S, with
respect to f

W (2) = {y € S, | d(f" (), f"(y)) = 0 as n — +o0},
W™ (@) = {y € 5, | d(f"(2), /" (y)) = 0 as n — +o0).

If x is a fixed point of f, then these sets are invariant by f.

Here, these leaves at hyperbolic fixed points py enable to describe precisely the
set K. We start by showing that the stable leaves can be seen as the accessible
border of Us — and are obviously contained in K. On the other hand, unstable
leaves are dense.

Proposition 2.7. The stable and unstable leaves of the fized point pJ satisfies the
following assertions.

(i) Ifx € U, andy : [0,1] — Sy is a vertical curve such that v(0) =z, v([0,1[) C
Uy, and ¥(1) ¢ U, then (1) belongs to || W= (p?7).

1<i<2n,
(i) For all o € ¥ and all 1 < i < ng, the unstable leaf W (p?) contains a full
semi-infinite vertical leaf. Hence W3*(p7) is dense in S,.

Proof. We begin with the first point. Let § > 0 be the length of the smallest
side in the (finite) collection of rectangle neighbourhoods of points p¢ given by the
Grobman—Hartman theorem. For n large enough, we find that f"(x) is §/2-close
to some ¢ € 3. Once close to o by going upward — or downward, depending on the
orientation of f™ o~ — the first time f™ o intersect K is at some point contained
in one of the rectangle neighbourhood of some pJ. Therefore this intersection point
belongs to || W*¥(p?) and is attained at f"(y(1)). The result then follows
1<i<2n,

from the invariance by f of the stable leaves.

We now prove the second point. Let 7 : [0, +00[— Sy be a unit speed parametriza-
tion of the vertical ray starting at o € ¥ and containing p := p?. In particular,
7(0) = o and y(|p?|) = p.

By contradiction, assume there exists ¢t > |p?| such that v(t) ¢ W*%(p). Let
to = inf{t > [p7| [ y(t) ¢ W*"(p)}.

We now show that tg > [p”|. Let h:t — (A+B,k(t/a,))t. By construction of f,
we have the relation f(v(t)) = v(h(t)) for every ¢t € [0, [, and hence f™(y(t)) =
v(h"(t)) for all n > 0. Now (h1)'(|p?|) < 1, so for t close to [p?|, f™(y(t)) = p as
n goes to infinity. Therefore ¢y > [p?|.

We now prove that (to) is a fixed point of f. We know that f(v(]|p?|,to]) =
v(JIp?|, s) for some s. But f(v(]|p°], to]) C W**(p). Hence s < to.

By contradiction, assume there exists € > 0 such that s+ < tg. So v([|p?|, s +
e) c W*(p), and so f~ oy ([[p?], s+e[) € W**(p). However, f~ o ([[p?], s+el) C
Wt (p) = v([|p°|,to + 0c[) for some d. > 0 since f is strictly preserving vertical
orientation. This contradicts the definition of ¢ty. Therefore s = ¢y and ~(tg) is
fixed by f.

The point ¥(tg) cannot be in ¥ nor be a p7, otherwise v would connect two
conical points, which is impossible. By computing the differential of f at v(to), we
see that y(tp) is a hyperbolic fixed point of f with a vertical unstable leaf. Therefore
there exist points whose iterates by f~! converge to p and to 7(ty) # p. O
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These properties of stable and unstable leaves yield to the fact that the set K
can be written as a finite union of closure of stable leaves. In fact, we have the
following slightly stronger result.

Proposition 2.8. The compact set K can be written as a finite union of closed

Ng
invariant sets as follow K = |J |J W»*(p?) N Ws4(p?7) .
ceXi=1
Proof. Let x € K and € > 0. Let y € Uy be in the same vertical leaf as = and
obtained by going downward by a distance less than e. Since Us, = | |U,, there

exists 0 € X such that y € U,. From the Grobman—Hartman theorelan, for each
1 < 7 < 2n, there exists a neighbourhood of pf on which the dynamic of f is
the same as the one of the differential of f. Without loss of generality, we assume
that these neighbourhoods are rectangles with vertical and horizontal sides and
with centers the p{’s. Up to replacing these rectangles by smaller ones, let d, be a
common horizontal size for these rectangles.

For n > 0 large enough, the point y lies in B(c,d,/4). By construction and by
the first point of Proposition we know that by going upward from y we cross
some W#(p?7), for some 1 < ¢ < 2n,. Therefore, by going upward from f~"(y)
we cross the rectangle of linearisation associated with p, and hence the stable leaf
W#s(p?) at some point y*.

Let § be the modulus of absolute continuity of f~™ associated with . By density
of the unstable leaf of pg, we can chose a point z such that d(f™(z), f"(y)) <
min(d, d,/4) so that by going upward from f"(z) we cross W**(p?) at some point
z", at distance less than ¢ from y*. Finally, the point f~"(z%) € W**(p?)NW**(p7)
is at distance less than 3¢ from z. O

Finally, we explicit stable and unstable foliations such that the set K is hyper-

bolic with respect to f. To do this, we compute a vector field that is uniformly
contracted by the differential of f.

Theorem 2.9. The set K is hyperbolic. The invariant distributions are E*(x) =
Re, and E*(z) = Rv®(x), where

o) = en— OB @) ] = 0

2 o)
with a(z) == (df - en,en) and b(x) = (dof - €y, epn). In particular, v° satisfies
dfvs =X "1vo f on K.

Proof. We will explicit the stable and the unstable directions of the splitting of the
tangent space. Write the differential of f at x € Sy \ ¥ in the basis (ep, ey)

ar= (" ).

Therefore, for every positive integer n, we have the following,
de(f") =dpn-1(a)f - dp@) fdaf,
_ (a(fnl(w)) b(fnl(x))> (a(f(w)) b(f(ff))) <a(fﬂ) b(z )
0 AL 0 AL ’

= (M By,
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We have that A,(z) = [] a(f'(z)). We compute B, explicitly. This sequence
i=0

satisfies a recursive formula, which can be solved

Bpi1—a(f")Bn = A7"b(f"),
Bn+1/An+1 - B /A = )‘_nb( n)/An+1a

B,/A, = Z ATI(f) ) Ais 1.

Finally we get

n—1

b £ : 1
DTG H a(fi@)

We can now explicit the eigenvectors of dx( f™). The obvious one, associated
with the eigenvalue A, (z), is e,. The other one is

j=0

i) = (PN = =T X @) 1 sy
1—\""/A,(x) B H o
X @)

We now study the convergence of the v,’s as n goes to infinity. First, since a > 1,
b are continuous functions over the compact set K, there exist constants a* and C
such that a > a* > 1 and |b| < C. Therefore, the second coordinate converges to 1
as n goes to infinity. For the first coordinate, we have the uniform bound over K

=

iy e 1 a )\a*
5 prur D sy <0 500 < O

i=0 =0

Hence, the series of continuous functions converges uniformly over K to a continuous
function. Call v*® the limit of v,, as n goes to infinity.

A short computation shows that for all z in K, v® satisfies d,f - v®(x) =
A~ 1v%(f(x)). Finally, we get the following splitting of the tangent space at each x
in K, TS, = Rv®(z) ® Re,, so that K is a hyperbolic set. O

3. SMOOTHNESS OF THE STABLE FOLIATION AND RENORMALIZED FLOW

In this section we prove that v* can be extended to the whole set S, of regular
points, such that the extension is still uniformly contracted by the action of f and
so that it is Lipschitz continuous. Under further assumption on the smoothness
of f, we prove that v® is C'. Furthermore, in view of the next section, we prove
that v* depends continuously on the parameter § — occuring in the construction of
f. This regularity property is a central point in the proof of the unique ergodicity
of the flow, which implies the mixing of f with respect to the very same invari-
ant measure thanks to the commutation relation between f and h;. Since v° is
Lipschitz continuous, it can be integrated into a continuous flow h; which enjoys a
nice commutation relation with f — in other words, f renormalizes h;. From the
properties of hy, we show that the set K is connected, transverse to any vertical
leaf, and that f is transitive with respect to the trace topology on K.
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3.1. Construction of a useful open cover of S;. In order to proceed, we first
need to construct an open cover of S, \ X such that f satisfies some nice estimates
on elements of this cover. This is done in the following proposition.

Proposition 3.1. For alle > 0 small enough, there exist 7 > 0, 6 > 0, and an open

cover Sqg = Ay U | | Bss such thata > 14n on A, and d(f(x),0) < (1—9)d(z,0)
oED
on Bys ~{0}.

Proof. By continuity of f, there exists an € > 0 such that

2Nns

{z e Vo |d(f(2),0) <d(z,0)} D B(o, [p7]) U UBql, =

for all o, where Vs; = || V, is the open neighbourhood of ¥ on which f # .
ocex
Since Sy \ | ] BS is compact and a > 1 on it, there exists n > 0 such that
ocEY
a > 1+ 2n on this compact set. Call A, = {x € S5 |a > 1+ n}. By construction,
Sg=A,U U B:.
ocx

Since all B are open sets, radial and centred on o, we have BS = (1 — %) Be.
n>1

Now, by compactness of S, there exists ng such that:

Sy = 4,0 (1——)

oED

On a small open neighbourhood W, of o, by construction of f we have that
d(f(z),0)/d(z,0) < C < 1. Now, on the compact set (1 — %)BE ~ W, the
continuous function d(f(x),o)/d(z, o) is positive and strictly bounded from above
by 1. On the other hand, up to shrinking W, the function d(f(z),o)/d(z,0) is
bounded on W, . {o} by max(A\~', A + 8, + 8) < 1, for some small § > 0. Hence,

there exists § > 0, independent of o, such that for all  in (1 — n—o)Bf, ~ {0},
d(f(z),0) < (1 —0)d(z,0). We then call By 5= (1 — niO)Bf; O

3.2. Lipschitz extension of v* to S, \ ¥. Here we prove that the infinite sum
in the definition of the vector field v* on K does converge on all S, \ X. This way
we can define v* on S, \ 2. Furthermore, we prove that this extended vector field
is Lipschitz continuous.

We proceed in two steps. First we show that v® is bounded and continuous on

Sy~ X. To do this, we need several lemmas which follow directly from computation
of df.

Lemma 3.2. The partial derivative b = (df(e,),epn) of f is locally Lipschitz in
some neighbourhood of ¥. Furthermore, by continuity we can set b(c) = 0 for each
oEX.

Lemma 3.3. On each basin U,, the partial derivative a = {(df(en),en) of f is
bounded from below by A\ + [, .

Theorem 3.4. If B, €] — A+ AX"2 =X+ 1] for all o in %, then the vector field v®
is bounded and continuous on Sy \ X. Furthermore, by construction, the formula

df(v®) = A"t o f holds on Sy N X.



12 JEROME CARRAND

Proof. Call s; = A%bo fi [] aolfj. Let V be a neighbourhood of some o such
j=1

that b is Lipschitz on it and f contracts by a factor max(A\™* X\ + 8, + ) < 1.

Without loss of generality, we assume that V' is a ball centred at o of radius ¢ and

that f(V) C V. Since U, = |J f~NV, for all z € U, there exist some N = N(x)
N>0

and an integer ny which only depends on V, such that for all n > N, f*(z) € V,

at most ny points of the orbits fall into B, s \. V and the rest lives in A,,.

Let ¢ € Uy, * # 0. Since U, = |J f~"V, let N be the smallest integer such
n=0
that fV(x) € V. We distinguish three cases :

, i1
e i < N —ny. Therefore |s;(z)| < A" (ﬁ) sup |b].

sup |b.

i—(N—ny)
T =)

. N-—n
oN—nv<i<N.Hence\si(xﬂé/\ﬂ(1) V( L

) J+N
ei=j+N>N. We get |s;(z)] < A\"UFN) (ﬁ) Lip(b)e max(A~1, A +
Bo +05).
Therefore, if A\™2 < A + f3,, then

A(1+1) L1 Lip(b)e
Z\si(ﬂc)KsuplbliA(1+ : (H; 3) | T

i>0 )~ A(A+B2)

which is uniform in x on U,. Hence, the convergence is uniform on the compact
subsets of U, \ {o} and >_ s; is continuous on U, \ {c}, for all o € %.

We now show that this function defined on Uy = UU, can be extended by
continuity on K. Call u(z) = e, — >_ si(x)e, the vector based at x € Sy, \ X.

i>0

Let € K and, by density of U in Sy, (2n)n € UN such that z,, — = as n goes
to infinity. Since (u(x,)), is bounded, up to extracting, the sequence converges to
some 1. Furthermore, by a diagonal argument and up to extracting, u(f*(z,)) —
uy, for all k € Z as n goes to infinity. Now, by construction of u, df(u) = A"tu o
f. Hence, by continuity of f and df, d.(f*)(up) = A"Fuz. We now show that
ugp = v*(x). By hyperbolicity of K, there exist real numbers z,, x, such that
ug = x50°(x) + x4e,. Therefore, by hyperbolicity of K,

|u| = ||zuesll,
= Hd k(x f_kdackauevna
fr (=)
< C(i)kndwkauevHa
= ()" llde f* (uo — z50° (@),
< C() A" (sup [[ul| + @ sup [|[v*]]),
which goes to zero as k goes to infinity. Hence ug = z,v°(x). Now both wug
and v®(z) have the same non-zero coordinate along e, in the base (e,,ep). Hence

ug = v*(x). Finally, u extends continuously on K by v®. We call v® this vector
field on S, \ . |

We can now present the proof of the Lipschitz continuity of v* on S, \X. To this
end, we need a few more estimates on the differential of f and on its coefficients.
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Lemma 3.5. For all x € S, \ X, we have the following estimate % <

2 max (1 %) In particular, ||df™||/Ax is bounded on U [T'A,. Fur-

thermore, the bound B can be chosen independently of n.

1=0

Proof. By a direct computation, for (u,v) = uep, + ve,

(An(@)u+ Ba(2)v)* + (A" '0)?,

4A, (z)?u?® + (4B, (x)* + X722,
dmax(An(2)?, Bu(2)? + A72")]|(u, v)[|*.

[l da 7 (u, 0)||* =

For x € U 1A, we know that A\=% /A, (x) < (A(1 +7))~* and that —B,/A,, is
the partlal sum of ) s;, hence uniformly bounded. ([

The following lemma is a direct consequence of the Lipschitz continuity of &’
intervening in the construction of f.

Lemma 3.6. The functions a and % are Lipschitz continuous on Sy.

Theorem 3.7. If B, €] — A+ A"2, =X+ 1 for all o in 3, then the vector field v®
is Lipschitz continuous on Sy, \ X.

Proof. Since all of the partial sums of 3 s; are Lipschitz continuous, we give sum-
mable estimates of local Lipschitz constants. Let « € U,. Let V, N = N(z) and
ny be as in the proof of Theorem Therefore U, = Un20 f7™V. We use the
notation Lip,(g) to indicate the local Lipschitz constant of a function g in at least
one neighbourhood of z.

Let ¢ > 0. On a small enough neighbourhood of x, we have that Lip,(f’) <
(1 +¢)||def7|| and supj < (14 z—:)A @ for all j < i. We distinguish the three
following cases:

o i < N —ny. We have directly that,

Lip, (si) < A" | Lip(b) Lip(f*) sup 4- + sup(bo f*) Lip} Z Lip(f7) sup 1= sup 4 | ,
7=0

) i 1 J
<A T'B(1+¢)? | Lip(b b| Lip2 —
B+ 9 | Lint) +sw bl L@ 3 (1) ).

<Cuinz A",

where C'j ;v stands for a constant independent of ¢, N and z.
e N —ny < i< N. Up to multiplying some part of the above estimate by

()\jﬁ )™V, we have:

Lipz(si) < CJ_Li,Np/E A7
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e i =[]+ N > N. In this case, the following estimates hold:

. 1 . . 1 .
Lip, (bo f*) sup ——— < Lip(b) Lip(f™) sup e Lip v (g (f') sup

I+N Apen’
< Lz’p(b)(l+5)2Mmax()ﬁ1 A+ By +85)! ! l
~ AN(.CL') b (o4 o )\+Bo- )
A1 5o\
< x,t ,]. .
CJ.L,,NmaX<)\+ﬂa +>\+5o)
N-1 A,

< emax( A\ A+ By + 6,)° Lip% Z Lip(f7) sup

sup
= Ajm T Ay

!
1 An
+ Lip(fN) Li 2 (fY) sup — sup(a) su ,
j;) P(f™) Lipgav (o) (/') sup 7 sup(a) sup =

1 1 v
<emax(A\L A+ B, + 60)1 Lip%C’lm (77 +ny ( )

! )\—1 60 J
+sup(a)2max<>\+ﬂ 71+)\+[3 )

These two bounds are independent of N, hence of z.

By setting 8, €] — A+ A72, =X — 1], all the bounds on Lip,(s;) decay geometri-
cally. Hence all partial sums of > s; share a common Lipschitz constant near each
point of U, independent of the base-point.

We give now some estimates when z € K. Therefore f"(z) € A, for all n. The
following estimate holds:

. . 1 1) o : 1 A,
Lip,(s;) < A™" | Lip(b) Lip(f*)sup 1T + sup |b| Lip (a) Z Lip(f7) sup A sup XJ ,
i =0 j— i

| N L\
<A (1+2)?2B | Li Lip { ~ 147
A (1 +¢) ip(b) + sup |b| sup(a) Lip (a)z (1+77) 7

=0
< CJJ_:v,i )\_i~

Finally, every partial some of ) s; shares a common Lipschitz constant on S, \X.
Therefore v* is Lipschitz continuous on Sy \ 3. O

3.3. Differentiability of v*. Here we prove that when the function k is C2, the
stable vector field v* is C!. In order to prove this result, we use similar computations
as in the proof of Theorem [3.7] and show that v* is differentiable on every compact
set of U and on K. We then use the relation df v® = A\™1v® o f (more precisely,
the differential of this relation) in order to prove that there is a unique extension
of dv® from U to S, \ X, and it coincides with dv® on K.

Theorem 3.8. If the function k : R — R in the construction of f is also C2, then
the vector field v* is C'.

Corollary 3.9. If k is C2, then hy is a C* flow.
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Proof. From the same estimates as in the proof of Theorem [3.7] we get that the
series of differentials > ds; converges uniformly on K and on compact subsets of
i>0

U \ X. By uniform converge, v° is therefore differentiable on K and on U \ X, but
we still need to prove that x — d,v*® is continuous on S, \ ¥. To this end, we use
the fact that v® is uniformly contracted by f.

By design, v*® satisfies the equality d, f v¥(z) = A~2®(f(x)) for all z ¢ ¥. Now,
by differentiation, we get for all x in U

(3.1) S (2),) + dof dov® = A dpy0° do f.

Let x € K and (), be a sequence in U converging to x as n goes to infinity.
By the Arzela—Ascoli theorem, in order to prove that (d,, v*®), converges to d,v®,
it is sufficient to prove that (d,,v®), has a unique subsequential limit.

To be exact, in order to apply the Arzela—Ascoli theorem, we need the maps to
have a compact domain. We address this problem by associating to any linear map
I : R* — RY its restriction to the unit sphere [:%%! - R4, in addition with the
closed condition

~ 0
(3.2) ||x+9y||l< THOY

||z + Oyl

Now, any linear map can be built from a map on the sphere satisfying the condition
(3-2). This one-to-one correspondence is enough to overcome the issue of non-
compactness of the domain.

Let u, be a subsequential limit of (d,,v®),. Using and the fact that f is
C?, we also get a subsequential limit Uf(zy Of (df(z,)0°)n. By the same process, we
get for all integer k a subsequential limit gk ;) of (d sk (4, )0*)n SO that

) =I(x)+0l(y), xyec3T ! HeR.

Ay L (T (@), ) + dpria) fgrey = A upren () dypr (o) f-
Taking the difference with (3.1) we get, after induction, that for all integer k
(3.3) Ao ¥ (dav® — ua) = A (d ey — Uprge))daf*

We now prove that the difference ag = d,v® — u is the zero map. First, notice
that since v®(z) = e, — (£;8:(x))ey, we must have Im(d,v®) C Re, = E¥(x) and,
by taking limits, Im(u,) C E"(z). Therefore Im(ag) C E*(x). Since v® is Lipschitz
continuous, the operators d sx ;) v® —usr(,) are uniformly bounded. Therefore, from
the hyperbolicity of K and the relation (3.3), we get that ag(Rv*(z)) C Rv*(),
and so ag(v®(x)) = 0. Since (v*(z),e,) is a basis of R?, there exists some real
number « such that a(e,) = ae,. Applying to e,, we get that

0= (aId = X "(dpr ) f — tpr(e)))daf eo.

If « is not zero, then for large enough value of k the map (Id — )\T_k(dfk(z) -
Ugk(z)))de f is invertible, hence a contradiction. Therefore a = 0 and u = d,v®.
Finally, we get that x € U \ ¥ — d,v® extends continuously, in a unique fashion,
to Sy \ 2. O

3.4. Continuity of v* with respect to 5. In the next section we prove that h; is
uniquely ergodic and that f is mixing with respect to the invariant measure of h;.
To do so, we first prove that the family of vector fields v® is smooth with respect
to the amplitude parameter 5 in the definition of f.
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We will use the following notations. For all 5 = (8,)sex, write fg the function
J with the amplitude parameter 5, and vj its corresponding vector field. We also
assume the parameter (a,)y,ex to be fixed.

In this section, we only consider the case #% = 1, hence the vector S has only
one component. The general case leads to very similar computations.

More precisely, we prove the following theorem.

Theorem 3.10. The map B €] — A+ \2,0] — v 1s continuous for the sup-norm.
As a consequence, the function (x,3) — vf;(at) is continuous on (Sg ~\3) x| — X+
A72,0].

To show this continuity, we split the domain into three subsets. We will need
the following lemma.

Lemma 3.11. For all 8 in ] — X+ X\"2,0], the eigenspace of (fz). = (dfs) "' Uy,
associated with the eigenvalue X\ is of dimension one when acting on the space of
bounded and continuous vector fields on the tangent vector bundle of Sy \ X, where
Uy stands for the Koopman operator of f.

Proof. Let B €] — XA+ A72,0]. Let w be a vector field in the eigenspace of (f3)«
associated with the eigenvalue A. In other words, w is such that d,fs(w(z)) =
A tw(fz(z)), for all x. Now, since v® is continuous, non vanishing and transverse
to ey, there exist two functions w; and ws uniquely determined such that w(x) =
wy (z)v*(z) + we(x)e, for all z. These two functions are bounded and continuous.
Hence, we have,

defa(wa(z)ey) = a(z)we(r)es = do f3(w () — wi(x)v*(z)),
= A" w(fp(@) — wi(z)v* (fs())),
w(fp(x)) = wi(x)v*(fs(2)) + Aa(z)wa(z)e,.
Therefore, wy is invariant by fg and for all ¢ > 0,

i1 1 .
wa(z) = jl;[o Wu}ﬂfﬁ(m))'

By continuity of ws and compactness of S, wg is bounded. Now, we distinguish
two cases in order to prove that ws = 0.

For B, < 1 — A, there exists a fixed point p¢, in K, whose unstable leaf is
dense. Since at this point a(py) > 1, by continuity of a, we get that « > 1in a
neighbourhood of p?, hence 1/(Aa) < A~! < 1 and wy = 0.

For 1 — X < B, < 0, we know that the unstable leaf of ¢ is dense in S,;. By
continuity on every leaf of the branched cover at o, we can set a(c) = A+ 5, > 1.
Hence, in a neighbourhood of o, we get 1/(Aa) < A™! < 1, hence wy = 0.

In order to prove that w; is constant, we also distinguish two cases.

For , < 1 — A, the unstable leaf of each p{ is dense. Hence wy(x) = wy(p7) for
all z. Hence the claim in this case.

For 1 — XA < B, < 0, the unstable leaf of ¢ is dense. Therefore, w;(z) = wq(0)
for all . Hence the claim. O

Proof of Theorem[3.10. We first prove that |[v} — v} ||o oo 0 for all By in

B—Bo

] = A+A"21—A[. From proofs of Theorems and we can see that on a small
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enough neighbouhood By of fy, the vector fields v are uniformly bounded, as well
as their Lipschitz constants. By the Arzela-Ascoli theorem, the set {v} | 3 € Bo}
is relatively compact. Take a sequence of (3, ), converging to By, then every sub-
sequential limit w of (v} ), must satisfies (fg,)sw = Aw. By Lemma the
space of such vector fields is one dimensional, hence there exists a constant ¢ such
that w = cvj . Since in the basis (e, ey) all the component of v along ep, is 1,
we get that ¢ = 1. Hence vj converges uniformly to vj , and so for all sequences
(Bn)n. The rest of the claim follows directly by the triangle inequality and Lipschitz
continuity.

We now prove that |[vj — v3 [|cc —— 0 for all fy € [1 — A,0]. The same
B—Bo

argument as in the case above holds. Indeed, for all g € [1 — X, 0] we get

1

i>0 j=0 28

Hence vj is uniformly bounded for 3 in a neighbourhood of . Similarly, the
following estimate on the Lipschitz constant holds for all € > 0

S Lip, | A 1@omII u+avmm§jx(upw>

i>0 09s° fﬁ >0

. 1
+zmp()mmmmgm)
ag

Finally, we prove that |[vg —v7_,[|oc W 0. Recall notations from Propo-
—(1=A)~

sition and let V be a neighbourhood of some o € ¥ as in the proof of Theorem
Let z € f~N(V)NU, and let n(x) be the number of points in the orbit of x
that belong to B, s \ V. Then N —n(z) > 0 and we have the following estimates
depending on 4:

, +1
e if i <N —n(x), then |s;(z)| < A7 (# sup |b].

1+n

i—(N—n(z))
) sup |b|

. N-n(x)
. . —q 1 1

o if N —n(x) <i< N, then |s;(x)] < A (W) (m

so that |s;(z)] < sup |b]A™" </\+5)1
. J+N

oifi=j+N >N, then |s;(z)] < \"U+N) (ﬁlﬁ) Lip(b)e max(A~1, A +
Bo +d5)7.
Therefore, 3= [si(z)] < [[bll (Qﬁ OB 4 o __Lin(b) ) and so for

(AFB)—1 1_max(A— 1 A+6+6)
A(A+8)

all e > 0.
Hence, the family of vector fields (vj})s is uniformly bounded on S, and the
bound can be chosen uniformly in 8 for 5 € [1 — A —¢,1 — A\]. However, the
estimates we had on the Lipschitz constants are no longer good enough to apply
the same argument as in above cases.
Let z € S, and (z,, Bn)n be a sequence converging to (x,1 — A) and such that
Bn < 1—=Afor all n. For n large enough, the sequence (v (zn))n is bounded and let
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w(z) be a sub-sequential limit. Since for all £ > 0, the sequence (v (fgn (Zn)))n
is bounded, by a diagonal argument we can assume up to extracting that the
sequences converge to some vectors w(ff_, (r)). By continuity of dfs in 3, we get
that d, fF_ w(z) = A" Fw(fF_,(x)) for all k. By expressing vectors w(ff_,(x)) in
the basis (vi_,(x),e,), we see that w(z) € Rvj_,(z). Since each vector of the
form v (fgn (zy,)) has a component equal to 1 along e, in the basis (ep, €,), we get
w(z) = vi_,(z). Hence (z,8) — vj(x) is continuous at (z, (1 —A)7).

Now, suppose that HUE —v3_,||co does not converge to zero as § converges to 1—X\
from below. Then, there exists some positive € and sequences (8,,), and (z,, )y such
that lim £, = (1 —A)" and [|vg (zn) —v{_,(2n)[| = €. Up to extracting, we can

n— 00 n
assume that (z,), converges to some x. Therefore |[v} (z,) —vi_,(z)|[ > /2 for
large enough n. This contradicts the continuity of (z, 8) — v3(z) at (z, (1 —A)7).

The continuity of (z, 8) = v§(x) on (Sy \ £)x] — A+ A?,0] follows from

s S < S _ .8 o s S 0
Hvﬁ(x) Uﬁo(ﬂfO)H H”ﬁ UBOH +\|Uﬁo(9€) Uﬁ0($0)||—>(xﬁ)_>(%ﬁo)

O

3.5. Renormalized flow and topological properties of K. Since v® is Lips-
chitz continuous, we can integrate it into a flow h;. Since some trajectories reaches
in finite time conical points, for which v° is not defined, this flow must be treated
carefully. On the other hand, since v*® is uniformly contracted by the action of f,
h;: is renormalized by f. From this relationship between f and h;, we can deduce
further topological properties about stable leaves and the set K. We first prove
that for each fixed hyperbolic point p?, its stable leaf coincides with the orbit by h;
of this point. From this fact and Proposition [2.8] we deduce that K is transverse to
any vertical leaf. We then show that K is in fact equal to the closure of the stable
leaf of any hyperbolic fixed point p7, hence K is connected. Finally, we prove that
f is topologically transitive with respect to the trace topology of S, on K.

Proposition 3.12. For all z € Sy~ X and t for which hi(f(z)) is well defined, f
and hy satisfy the relation,

foha(z)=hyo f(z).
Proof. Since d, f(v¥(x)) = A"1w®(f(z)), for x € Sy \ X, notice that,

d d
3 ohe(@) = dny f (dthxt(x)> = dn,, (@) f (A0° (hae(2))) = v (f 0 hae(2)).
Therefore the two functions t — f(hx:(x)) and t — hi(f(x)) solve the same dif-
ferential problem with the same initial condition. Hence f o hy; = hy o f for all ¢
where the solution is defined. d

This commutation relation between f and h; is a central argument throughout
the rest of this article. First, it is used to prove that the set K is invariant by the
flow. To this end, we have to verify that the flow is complete on K.

Let F = S; N (ZU{z € S; N X | V&t € R, h(z) exists}) be the set of points
whose trajectory are not well defined for all time. We can fully caracterise this set,
this is the subject of the following lemma.
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Lemma 3.13. If v € F, then there exist 0 € ¥ and tg € R such that hy(x) — o
as t tends to tg

Proof. By compactness of Sy, up to taking a sub-sequence (t,),, that converges to
to, the limit of (hy,(z)), exists. If this limit doesn’t belong to X, we can extend
the solution past tg. ([

Proposition 3.14. The orbit {h:(x)} of any point x in K is well defined for all
time t. Furthermore, for allt € R, hy(K) = K.

Proof. We prove that F C U. By contradiction, let z € F N K. Let tg and o be
as in Lemma [3.13] Hence, the smooth curves f™ o hy(z) : t € [0,t,] — Sy join K
to ¥ and their lengths are less than A™"¢||v®||s. This contradicts the fact that
d(K,%) > min{|p?| | ¢ € £} > 0 by Proposition [2.4]

Since FNK = ), hy(x) is well defined for all z € K and all time ¢. Let x € K. By
contradiction, assume there exists ¢; such that hy, (x) € U. Therefore f(he, (2))
converges to some o as n goes to infinity and the curves f"ohy(x) : t € [0,¢1] — Sy
joins K to some arbitrarily close point to o for n large enough. Since such a curve
is of length at most A\™"¢||v*||s, it contradicts d(K,3) > 0. O

We can now deduce the announced topological properties of the invariant leaves
and of K.

Proposition 3.15. For all pg, we have the equality of sets W**(p?) = hr(p7).

Proof. Let t € R. Hence f"(h:(p?)) = ha-ni(p7) converges to pf as n goes to
infinity. Hence hg(p?) C W**(p?). By the commutation relation between f and
ht, we get that hgr(p?) is invariant by f. In the linearisation near p¢ given by the
Grobman—Hartman theorem, the only invariant part by f corresponds to a small
piece v of the stable leaf of p7. By invariance of hg(p7) by f, we get v C hr(p9).
Finally, since W**(p7) = U, f7"(7), We get hr(p7) = W**(p7). O

Corollary 3.16. The set K is transverse to any vertical leaf.

Proof. Since the convergence of the infinite sum defining v° is uniform on K, the
vertical component of the vector field v*® is continuous, hence bounded. Therefore,
all the stable leaves W*°(p?) are transverse to any vertical leaf. The result holds
by taking the closure since slopes are bounded and by Proposition [2.8 (I

Theorem 3.17. The set K is connected and it can be written as K = W#5(p7),
for any o € X and any 1 <1 < 2n,.

Proof. Let 01, 0o € ¥ and i1, i be two integers. For simplicity, call p; = p7' and
P2 = pfj. Let W5 be the open set given by the Grobman—-Hartman theorem —
without loss of generality we assume it is a rectangle with horizontal and vertical
sides. Since W*“(p2) contains a dense vertical leaf, and W**(py) is transverse
with all vertical leaves, the intersection W*“(py) N W*%(p;) is non-empty. Let
x € W (p2) NW*°(p;) and let v be a small connected piece of W*°(p;) containing
« in its interior. Then, for large enough n > 0, we see that f~"(y) W5 accumulates
on W*%(pa)NWa. Therefore, W (p2)NWo C Wst(py) N W#s(p1) C W$(p1). Since

W$s(py) is invariant by the action of f and W**(ps) = |J f~"(W?*%(p2) N W), we
n>=0

get the inclusion W#$(py) C Wss(p;1). Since the choice of p; and ps is arbitrary,
the result follows from Proposition [2.§ (]
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Theorem 3.18. The function f : K — K is transitive with respect to the trace
topology of Sy on K.

Proof. Let U; and U; be open sets in S, that have non-empty intersection with K.
Let p1 = p{! and pa = p7? for some o1, 09 € ¥ such that U;N(W**(p;)NW**(p;)) #
() for i = 1,2. Since W**(p,) is transverse with all the vertical leaves, we can find
a rectangle V5 contained in U; whose sides are vertical and horizontal, such that
W#5(pg) crosses Va from side to side.

By density of W*"(p;), there exists zo € Vo N W*5%(p1). Let W3 be the open
set of linearisation near p; — without loss of generality, we can assume W; to be
a rectangle with horizontal and vertical sides. For large enough n > 0, the set
f~™(Va) crosses horizontally W1.

Let 1 € Uy N W*#%(py) and € > 0 be such that the vertical segment ~y of length
€, containing xp in its interior, is contained in U;. For all large enough m > 0, the
line f™() crosses vertically W1. Hence f™(Uy) N f~"(Us) # 0. O

It easily follows from the transitivity of f and the closing lemma that periodic
points of f are dense in K. Therefore K is an Axiom A attractor in the sense of
[24).

Theorem 3.19. If 3¢ is an open e-neighbourhood of 3 for some small enough
>0, U :=8,\%¢ and f~! is C* away from X, then K is an Aziom A attractor
for f71:U = U.

4. EACH f IS MIXING

In this part we prove that there exists a measure with respect to which f is
mixing. To do so, we first claim that the unique ergodicity of h; is a sufficient
condition for the mixing f and that f is mixing with respect to the unique invariant
measure of hy. We then prove that h; is indeed uniquely ergodic, with the support
of its unique invariant measure being exactly K.

Theorem 4.1. The flow h; is uniquely ergodic. Furthermore the support of the
invariant measure is K.

Corollary 4.2. The unique invariant measure p of hy is also invariant by f and
f is mizing with respect to p.

This corollary is a partial restatement of Theorem 1.1

Proof. Since K is invariant by f and by the flow h; and since h; is well defined for
all £ on K, we have

Jebt = ful(he)ep) = (f 0 he)upt = (ha—14)«(fipt)-

Therefore the measure f,u is invariant by the flow h;. By unique ergodicity of the
flow, we must have f.u = p.

Let F' € L?(u) be such that [Fdu = 0. We now prove that the sequence
(F o f™),, weakly converges to zero. By invariance of the measure, the sequence
is bounded in the L?() norm. By the Banach-Alaoglu-Bourbaki theorem, this
sequence lives in a weakly compact set. Let F' be a sub-sequential weak limit
of (F o fm"), and let (ng)r be a strictly increasing sequence of integers such that
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Fo fi —~ F. On the other hand,

k—o00
[|[Fof™ohy—Fo f™|lpz =||Fohy-—ng0f™ —Fof"|z,
=||Fohy-ny — Fl|pz —— 0,
k—o0

where the final limit follows from the density of continuous functions in L?(u). Now,
Fo fm o hy — F o f™ converges weakly to F o hy — F. The identification of the
strong limit with the weak limit gives F o h; — F = 0. By unique ergodicity of (h;);,
F is constant. By integration, this constant is zero. Hence all the sub-sequential
weak limit of (F o f™),, are 0, which proves the mixing. O

In order to prove Theorem we heavily rely on the semi-conjugacy theorem
from [27, Proposition 7], more precisely if an Interval Exchange Transformation
(IET) and a Generalized Interval Exchange Transformation (GIET) have the same
combinatorial datum and follow a same full path in the Rauzy diagram — when
renormalized by the Rauzy—Veech algorithm — then there exists a continuous, in-
creasing and surjective function that semi-conjugates the two transformations.

4.1. Construction of a GIET and h; as its suspension flow. Recall some
notation from Section Let ¢ be the pseudo-Anosov map that we perturbed in
order to get f. By construction, ¢ fixes each conical point and each separatrix. Let
o € ¥ be a conical point and vy be a segment of a vertical separatrix starting at o
such that o € 0vp. From a general property of the pseudo-Anosov maps (see [19]
proposition 5.3.4]), there exists a decomposition in rectangles Ry = (RY, ... ’RIOJI)
of S such that (up to shortening 7o) the bases of these rectangles form a partition
of Yo-

Denote by 9,Ro (resp. 9,Ro) the vertical (resp. horizontal) components of
\U; OR;. By construction, 9, Ro = 0. Now, 0, R is made of portions of trajectories
for the horizontal flow associate to ¢ that connect a conical point to g, but don’t
intersect vy at some other previous time.

Since the family of vector fields (x, 8) = vj(z) is continuous, we can deform by
some homotopy R into Rg = (Rg e Rf E|) while preserving the vertical direction,
where (8 is the amplitude of the perturbations in the construction of f. In more
details, the homotopy sends the portions of trajectories of the horizontal flow that
connect, conical points to 7g, to the portions of trajectories of h; which contain a
conical point. Since the vector field vj has its horizontal component constant equal
to 1, these latter trajectories are the ones connecting conical points to v, where ~ is
a slightly longer or shorter copy of 7. Since any two trajectories do not intersect,
these portions of trajectories of h; are still the shortest ones that connect conical
points to v

Call T (resp. Tp) the Poincaré first return map to  (resp 7o) of hy (resp. of the
unit speed horizontal flow associate to ¢). It is clear from the construction that Tj
is an IET and that 7" is a GIET. Since for all 8, the horizontal component of vj
is equal to one, both T and Ty have the same combinatorial data. Furthermore,
by construction, T" and Ty have the same path in the Rauzy-graph — otherwise for
some parameter 5* the GIET T~ induced by Rg- would have a connection, which
corresponds geometrically to a side of a rectangle of R~ connecting a conical point
to another one: this is impossible since fz~ would contract this curve.
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Rectangle decomposition Rg Perturbed rectangle decomposition R g

FIGURE 2. Rectangle decompositions in the case of a flat genus
two surface. The pseudo-Anosov transformation on this surface is
explicited in the appendix of [25] as the composition of an upper
triangular matrix with its transpose matrix.

0.0 — T # i 0.0 T T T .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10

Graph of the IET associated to Ry Graph of the GIET associated to Rg

FIGURE 3. Graphs on the induced IET and GIET induced respec-
tively by the rectangle decompositions in Figure 2] - both flows are
going “downward”.

Since foliations associated to a pseudo-Anosov have no closed leaf (see [13]), it
follows that Tp has no connection, hence, by [27], the path of Ty in the Rauzy
graph is full and so Ty and T are semi-conjugated by a continuous, increasing and
surjective function. Also, since Ty has no connection, it is minimal.

We summarize all this in the following proposition.
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Proposition 4.3. If o is a conical point, there exist two portions of a same sep-
aratriz (both containing o) vo and v, and maps T : v — v, Ty : 0 — Yo Such
that:

(i) To is an IET and T is a GIET,
(ii) To is the Poincaré first return map of the horizontal flow associated to ¢,
(i5i) T is the Poincaré first return map of the flow hy associated to f,
(iv) To and T have the same combinatorial data, and the same path in the
Rauzy-graph,
(v) there exists a continuous, increasing and surjective function h such that
hoT =1Tyoh.

4.2. Minimality of the flow on K. In this part we prove that the map T — from
which h; is the suspension flow — is minimal on its nonwandering set. To do so,
we rely on the analysis carried out in [27]. From this, we deduce that the flow hy
acts minimally on K — actually, we also prove that K is an attractor for positive
and negative times. This property will be useful to prove that the support of the
unique invariant measure of h; is K.

As in [27], define S(co) as the union of the forward orbit of the discontinuity
points of T~1 and the backward orbits of the discontinuity points of 7'. Similarly,
define Sp(o00) from the discontinuities of Ty and T, 1. By construction, h is an
increasing bijection from S(00) to Sp(00).

Define Q) as the set of non-isolated points of S(c0). Clearly, € is a closed set. In
order to prove that 7' is minimal on €2, we first need the following lemma.

Lemma 4.4. There exists a decomposition of Q2 in closed sets Q@ = Q1 UQ_ such
that T(Qy) C Qp and T7H(Q-) C Q_.

Proof. Let S(c0)4 be the forward orbits by T of the discontinuity points of 7! and
similarly S(co)_ be the set of the backward orbits by T of the discontinuity points
of T. By definition of S(c0), S(c0) = S(00)+ U S(00)+. Define Q4 as the set of

non-isolated points of S(c0), . These sets satisfy the conclusion of the lemma. [J
Theorem 4.5. When restricted to the set Q, T is minimal.

Proof. Let x be a point of 2. Up to considering its backward orbit, we assume that
x € Q4. We want to prove that (T™(z)),>0 is dense in Q. By contradiction, let U
be an open set such that UNQ # @ and T"(z) ¢ UNQ for all n. Since Q4 is stable
by the action of T', we can relax the last condition by T"(z) ¢ U for all n > 0.
Since UNQ # 0, UNQ contains at least two different points of S(cc), therefore
h is not constant on U. Hence h(U) has a non-empty interior. Finally, since the
sequence h o T"(xz) = T (h(x)) avoids an open set and T, is minimal, we get a
contradiction. O

In order to prove that 2 is an attractor for both T and T~!, we need the following
three technical lemmas.

Lemma 4.6. The function h such that hoT = Ty o h is constant on the connected
components of v\ S(00).

Proof. By contradiction, let |j_, ji [ be a connected component of y~.5(c0) on which
h is not constant. Therefore h(j_) < h(j+). By density of Sy(co) in 7o, there exist
infinitely many points of Sy(co) in the middle third segment of [h(j_), h(j+)]. Since
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h : S(c0) — Sp(00) is a bijection, the image by h~! of all these points of Sy(c0) is
relatively compact in |j_, j;[. Hence, there exist accumulation points of S(c0) in
7=, 7+[, which is a contradiction. O

Lemma 4.7. The connected components of v\ S(c0) are permuted without cycle
by T.

Proof. By construction of S(co0), T and T~! are continuous on each connected

componant of v\ S(c0). If J is a connected componant of v \ S(00), then it is
easy to see that T'(J) is a subset of a connected componant of v\ S(c0). The same
argument applied with 7! proves that the connected componants are permuted
by the action of T

By contradiction, let J be a connected component of v \ S(co) and n > 0 be
such that T"J = J. Therefore h o T"(J) = h(J) = {z} by the Lemma [£.6] Now
hoT™(J) = T3 (h(J)). Therefore z is a periodic point for Ty, which contradicts the
minimality of 7. O
Lemma 4.8. The isolated points of S(co0) are wandering points.

Proof. Let x be an isolated point of S(cc). Therefore there exists an open set U
such that U N S(c0) = {z}. Hence U \ {z} = U; U U, is included in the union
of two connected components of 7 \ S(c0), which are wandering sets by lemma
Therefore, T"(U ~\ {z}) N U # () for only finitely many values of n. Now, if
T™(x) € U then T"(x) = x and therefore h(z) is a periodic point of T which is
impossible. Finally, we proved that T"U N U # () for only finitely many values of
n, in other words z is a wandering point. O

Theorem 4.9. For every point x € ~ whose forward orbit is infinite, then the
w-limit set of x satisfies w(x) = Q. The counterpart is true for infinite backward
orbits and a-limit sets. In other words, Q0 is an attractor for the transformations
T and T71.

Proof. We prove both inclusions. We start by showing that @ C w(z). By con-
tradiction, let y € Q such that y ¢ w(x). Since w(x) is a closed set, there exists
an open set U containing y such that U N Q # () and U Nw(x) = (). Therefore
T™(xz) ¢ U for large enough n. Since U NQ # (), U contains at least two distinct
points of S(c0). Since h is one-to-one on S(oc0) and continuous on +, the set h(U)
has a non-empty interior. Therefore the sequence T (h(z)) = h o T"(x) is dense
in 79 (by minimality of Tp) and avoids the set of non-empty interior h(U), hence a
contradiction.

We now prove that Q¢ C w(z)®. Let y be in Q°. There are two cases. If
y € v~ S(c0), then by Lemma y is contained in a wandering interval: vy
cannot be obtain as a limit point of an orbit by T, hence y ¢ w(x). Otherwise,
y is an isolated point of S(c0). By contradiction, y € w(z) implies that y is a
non-wandering point, which contradicts Lemma [£.8 ([l

Theorem 4.10. The set Q coincide with the non-wandering set Q(T) of T.
Proof. By minimality of T when restricted to Q, we get Q C Q(T). Since T per-

mutes the connected components of y~ S(c0), all points of v~ S(c0) are wandering
points. Therefore Q(T) C S(cc). Finally, by the Lemma we can refined this

last inclusion by Q(T') C Q. O
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Proposition 4.11. The sets Q) and K are related by Q =~y N K.

Proof. Let p = p¢ be in v N K. We know that hr(p) is dense in K, therefore
(T™(p))n is dense in yN K. However, wr(z) = Q for all z € v, in particular for
x=p. Hence Q =yN K. O

Theorem 4.12. When restricted to K, the flow hy is minimal. Furthermore, the
set K is an attractor for the flow hy, for positive and negative times.

Proof. Let u : v — IR be the function giving the first return time in . This function
is bounded by some constant C. Clearly, we have the equality Ar(£2) = hjo,c)(€2)
and the left hand side is a closed set containing the orbit of p = p € YN K =
Q, hence hjg,)(2) = K. This last equality proves the minimality of (h;); when
restricted to K.

From hjo)(Q2) = K and Theorem we obtain that every infinite forward
trajectory of h; accumulates on K. Similarly, every infinite backward trajectory of
h; accumulates on K. O

4.3. Proof of the unique ergodicity of h;.

Lemma 4.13. In the coordinates of the suspension, every hi-invariant measure p
must be of the form du(x,t) = Cdv(x)dLeb(t), for x € v, 0 < t < u(x), some
constant C' > 0 and some measure v on vy, where u(x) is the time of first return to
v of x and Leb is the Lebesgue measure.

Proof. Let m: v xR — R be a covering map. The lift of h; is simply the unit speed
translation flow along the second coordinate. Let p be an invariant measure for this
flow. Let i be a lift of p to v x R. Therefore fi is invariant by translation along the
second coordinate. Hence fi = Cv ® Leb, where Leb is the Lebesgue measure and
v(S) :== (S x [0,¢]) is a measure on +, for some € > 0. Taking back the projection
by 7, we get du(x,t) = C'dv(x)dLeb(t), as long as € < inf, u(x). O

We can now prove the unique ergodicity of h;.

Proof of theorem[{.1l Let y be a measure invariant by the flow h;. By Lemma
we can find a constant C' and a measure v on «y such that du(z, t) = C dv(z) dLeb(t).
By applying Fubini’s theorem on sufficiently small rectangles, we obtain that v is
invariant by T

Since the horizontal foliation associated to a pseudo-Anosov map is uniquely
ergodic — see [14, Exposé 12] — it follows that Ty is uniquely ergodic.

Now, T and T, have the same path in the Rauzy-graph. By [27], T is semi-
conjugated to Ty by some continuous monotonic function A. This function h is
bijective when restricted, up to a countable set of points, to the set of non-wandering
points of T. Therefore T is also uniquely ergodic, of invariant measure v.

Hence h; is uniquely ergodic, of invariant measure p.

We now prove that the support of p is K. First, since supp(v) is included in the
set of non-wandering points of T, which is Q, and supp(v) is a closed set invariant
by T, by minimality of T' we get that supp(r) = Q. Now, by the factorization of u
and the fact that hg(Q) = K, we get supp(p) = K. O

As a final remark for this section, we can perform a similar analysis by pertubing
a pseudo-Anosov only at some conical points 3¢ C X. The proofs are mostly the
same by replacing ¥ by .
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We give in Figure [4] a graphical representation of the set K in the case of the
fully explit example outlined in the description of Figure

5. PERTURBATION AT A REGULAR PERIODIC POINT

Because of the following general property concerning pseudo-Anosov maps — see
for example [13] — we can consider periodic points that are not conical points — they
are regular points.

Proposition 5.1. If ¢ : S, — S,, then the set of periodic points of ¢ is a dense
subset of Sy.

Let 6 € S; ~ X be a periodic point of ¢ that is not a conical point. Up to
considering a power of ¢, we assume that 6 is a fixed point.

In this part, we present that a very similar analysis can be done when a pseudo-
Anosov map is perturbed at a fixed point that is regular instead of conical.

5.1. Definitions, regularity and first properties. We can proceed to the same
type of perturbation as described in Section [2.I] at a regular fixed point 6, except
that it is much easier to define since 6 is not a conical point and we do not have to
deal with branched cover.

Write (2 + iy) = Az + iA "1y in some local chart centred at 6. In these coordi-

nates, define
2 2
. + o
flx+iy) = (/\Jrﬂk(x ay>):c+z)\ Ly,

for some 3 €] — X\, =X+ 1[, 0 < a < min (3Syst(S,),inf{d(f,0) | 0 € £}) and
k:R — R is an even unimodal function of class C!, compactly supported in [—1, 1]
such that k' is Lipschitz continuous, for example k(r) = (1 —r?)%1;_1 1). Set f = ¢
elsewhere. With these parameters, f is regular in the following way.

Proposition 5.2. If 3 €]—A,0] and 0 < a < min (3Syst(S,),inf{d(0,0) | o € £}),
then f is a homeomorphism on Sy and is a diffeomorphism on Sy \ X.

Also, for a refined condition on 3, we get

Proposition 5.3. If 8 €]—X, —~A+1[ and 0 < o < min (3 Syst(S,),inf{d(d,0) | ¢ € =}),
then 0 is an attractive fived point for f. Call Uy its basin of attraction. Moreover
Uy is an open set.

Define K := S, \ Uy to be the complement of the basin of attraction of §. Clearly,
K is a compact subset, invariant by f.

Our goal is to understand the dynamical behaviour of f on K — and near it.
First we need to give some more topological properties about the set K. The next
property also shows that K is not the empty set.

Proposition 5.4. If 8 €]—\,1—-\] and a < §5/2, then there exist fized hyperbolic
points p;, i € {1,2}, one on each vertical ray starting at 6. These two points are at
the same distance |p| from 6. Furthermore B(6,|p|) C Us.

All the proofs of these properties are essentially the same as in Subsection [2.2)
In fact all the following properties are proved by very similar arguments — if not
the same — as their counterparts in the previous case of a perturbation at a conical
point.
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Proposition 5.5. The following properties, similar to the case studied in Sections
and[4 and[3, hold.
(i) the open set Uy is dense in Sy.
(ii) The set K is hyperbolic. The stable vector field v® is given by the same
formula as in Theorem [2.9
(iii) The formula giving v® on K still makes sense on Sy ~\ X, and defines a
bounded Lipschitz continuous vector field, still noted v®, when B €] — A+
A72,0].
(iv) The flow hy generated by v® satisfies f o hyy = hy o f whenever both sides
are well defined.
(v) The set K is invariant by hs.
(vi) The set K is the closure of the trajectory of p;, i € {1,2}, under hs, in
fact K = Wss(p;) "N Ws4(p;). Furthermore W**(p;) = hr(p;), and so K s
connected.

5.2. Finer properties about dynamics of f and h;. Again, with almost the
same proof as Theorem [3.10, we can prove that

Proposition 5.6. The vector field v* = vj depends on [ since f = fg does.
Furthermore, the map (z, 8) — vj(x) is continuous on (Sg ~\ ¥)x] — A+ A720].

From this last property, we can construct a rectangle decomposition of Sy in a
similar manner as previously. This time, the segment v will start at 6. In order
to construct such a decomposition R, we start from a decomposition Ry — with
straights rectangles — associated to the horizontal flow and to a segment 7, starting
at @ and included in a vertical leaf. To get R we deform Rg as described in [£.1}
These decompositions lead to the following proposition.

Proposition 5.7. Similarly to Section[]} the following properties hold.

(i) The flow hy induces a map T : v — ~, which is the Poincaré first return map

of this flow. The map T is a GIET. By construction, hy can be recovered
by taking a suspension flow over T

(ii) The horizontal (unit speed) flow induces a map Ty : ~vo — 7o, which is
the Poincaré first return map of this flow. The map Ty is an IET. By
construction, the horizontal flow can be recovered by taking a suspension
flow over Tj.

(iii) The maps T and Ty have the same path in the Rauzy diagram. Furthermore
this path is full. Hence T is semi-conjugated to Ty.

In a very similar fashion as in Subsections [I.2] and [£:3] since Tp is minimal and
uniquely ergodic, we can prove the unique ergodicity of h; and its minimality when
restricted to K. We sum up these results in the following theorem.

Theorem 5.8. As in Section [f, the dynamic of f and hy satisfies the following
properties.

(i) For every x in Sg \ X such that its forward trajectory by hy is defined for
all times, its w-limit set coincides with K, w(x) = K. The same goes for
backward trajectories and a-limit sets.

(i) The flow h; is uniquely ergodic, of unique invariant measure noted . By
uniqueness and the commutation property between hy and f, p is also in-
variant by f.
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FIGURE 4. Numerical representations of the set K for a perturba-
tion of a pseudo-Anosov homeomorphism on a genus two surface.
RICGHT: perturbation at the unique conical point. LEFT: pertur-
bation at a regular fixed point.

(iii) The map f is mizing with respect to .
(iv) The support of p is exactly K.

6. THE MEASURE

In this last section, using extensively Bowen and Ruelle’s work [5l 24], we prove
that p is the unique SRB-like measure of f~!, that correlations decrease exponen-
tially fast for C! observables compactly supported away from . Finally, using the
maximizing property associated with SRB measure, we compute the entropy of f
with respect to p.

We used the term “SRB-like” instead of just “SRB” because SRB measure are
only defined for C? (or C1*%) diffeomorphisms, but the above map f is only con-
tinuous at conical points. Nonetheless, we show that p is the unique SRB measure
associated to f~1| s,~x and that the usual definitions of SRB measure extend to
f~!. We will therefore refer to SRB measure in the rest of this section instead of
“SRB-like” measure.

For now on, we assume that f is a C? diffeomorphism away from ¥, which can
be achieved by choosing a C2 bump function k. Such a bump function k is also
assumed to be C2.

6.1. SRB measure and entropy of f~!. Sinai-Ruelle-Bowen measures are par-
ticular invariant measures of C? transformations. See [28] for a survey about these
measures and which dynamical systems have them.

The problem here is that f and f~! are smooth only away from conical points,
where they are only continuous. Still, S, \ ¥ is an invariant set on which f~! is a
C? diffeomorphism. Furthermore, K is an Axiom A attractor for f~!, in the sense
that K is locally maximal, f~!|f is uniformly hyperbolic and f~!|f is topologically
transitive. Notice that K is connected.

By [24, Theorem 1.5], there exists a unique SRB measure px supported by K,
maximizing hy, (f~!|s,<s) +v(—logdetdf~!|g:) — and the maximum is equal to 0.
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Theorem 6.1. If W is a curve of finite length contained in W**(p) and containing
p, where p is some hyperbolic fized point pf of f, and vw is a measure on W
with bounded Radon-Nikodym derivative with respect to the measure induce by the
Riemann metric on W, then p = lim (f™").vw.
n—oo
N—1
In particular, p = lim % > f"vw and according to [28)], p is a SRB measure
N—o0 n=0

for f_1|sg\z. Therefore, by uniqueness, j = .

Proof. Let W ¢ W C W#%(p) be a strictly longer curve than W. Let ¥ be the
measure on W induced by the Riemann metric. By assumption there exists a
bounded function p > 0 such that dvyy = pdv. If needed, p is implicitly extended
by 0.

Since k is assumed to be C?, by Corollary he is a C' flow. Therefore, for
small enough ¢, (h:).vw is supported by W and

P
d((e) ) = Jac h;

Where Jachy is the Jacobian determinant of the time ¢ of the flow. Therefore, if ¢
is a continuous function on Sy, then for all small enough ¢,

[(he)«(f " vw) = (£ vw)[(0) = LA (Ba=ne)svw — v )[(0)

p
< ¢l /W

Jac hy—ny
which converges, by dominated converge, to zero as n goes to infinity. Therefore,
all subsequential limits of f_ "vy are hi-invariant. By unique ergodicity of hy, all
subsequential limits of f_ "y must coincide with p. Therefore f vy converges
to . ([l

o h,t dﬁ,

oh_x-—ny —p| dv,

We can now compute the entropy of f with respect to pu.
Theorem 6.2. The entropy h,(f) with respect to p is equal to log(\).

Proof. Tt follows from the fact that df v® = A\~'v*® o f that df~!|gs is constant
equal to A on K. Therefore h,(f~'|s,.s) = log(A). Now, since XN K = (), we get
that h,(f) = hu(f~1) = log(A). O

Finally, remark that since the nonwandering set of f is K N X and since we can
extend by continuity df~!|gs at each o in ¥ by A=Y (A + 3,) < 1, the measure mu
is still the unique measure maximizing h,, (f ') +v(—logdet df ~!|g:) for v ranging
over the set of f-invariant measures.

6.2. Bernoulli and exponential mixing. Using the careful analysis over Markov
partition done by Ruelle in [24], we are able to deduce that (f,u) is isomorphic
to a Bernoulli shift and that the correlations decrease exponentially fast for C!
observables supported away from X.

Theorem 6.3. The system (f, i) is isomorphic to a Bernoulli shift.

Theorem 6.4. There exist constants 0 < 6 < 1 and C > 0 such that for all C!
observables ¢ and i compactly supported away from %,

lu(p o f7"¢) — u(e)u@)] < Cllgller[[4]ler 67", Vn = 0.
The proofs of these two theorems directly follows from [24] Theorem 1.5].
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6.3. What about the Ruelle spectrum? In [I5], Faure, Gouzel and Lanneau
proved that for any orientation preserving linear pseudo-Anosov ¢ map on a surface
Sy of genus g, the Ruelle spectrum can be computed explicitly. More precisely, if
A > 1 is the dilation of ¢ and A™%, A, p1, ..., Hag—2 is the spectrum of ¢* — where
©* is the natural action of ¢ on the first space of cohomology H'(Sy) — then the
Ruelle spectrum of ¢ for C3°(S, \X) observables is {\ "p; | 1 <i<29g—2,n > 1}.
Furthermore, the multiplicity of A™"u; is n. In order to prove this result, the
authors first show that A™"u, are indeed Ruelle resonances and then that there are
no other Ruelle resonances.

Since f is, by construction, homotopic to such linear pseudo-Anosov map ¢, the
action on the cohomology is the same. One might expect that the Ruelle spectrum
of (f,n) is the same as the one of ¢, up to a few modifications.

The key ingredients in the first part of [15] — where it is proved that A\™"u; are
Ruelle resonances — are the smoothness of the invariant foliations and the uniform
contraction of the stable foliation. This particularities remain true in the case of
the perturbation f. The argument then should carry over to the case of the specific
non-linear pseudo-Anosov maps studied in this paper.

However, the second part of [I5] — where it is proved that Ruelle resonances must
be of the form A\™"u; — relies on many geometric considerations and also on the
uniform dilation of the unstable foliation. Unfortunately this last assumption fails,
by construction, in the case of f.

REFERENCES

[1] K. Athanassopoulos. Denjoy C! diffeomorphisms of the circle and McDuff’s question. Ezpo.
Math., 33(1):48-66, 2015.

[2] F. Béguin. Classification des difféomorphismes de Smale des surfaces: types géométriques
réalisables. Ann. Inst. Fourier (Grenoble), 52(4):1135-1185, 2002.

[3] C. Bonmatti and R. Langevin. Difféomorphismes de Smale des surfaces. Astérisque,
(250):viii+235, 1998. With the collaboration of E. Jeandenans.

[4] A. Boulanger, C. Fougeron, and S. Ghazouani. Cascades in the dynamics of affine inter-
val exchange transformations. Ergodic Theory and Dynamical Systems, 40(8):20732097, Jan
2019.

[5] R. E. Bowen. Equilibrium states and the ergodic theory of Anosov diffeomorphisms, volume
470. Springer Science & Business Media, 2008.

[6] J. P. Bowman and S. Sanderson. Angels’ staircases, Sturmian sequences, and trajectories on
homothety surfaces. J. Mod. Dyn., 16:109-153, 2020.

[7] X. Bressaud, P. Hubert, and A. Maass. Persistence of wandering intervals in self-similar affine
interval exchange transformations. Ergodic Theory Dynam. Systems, 30(3):665-686, 2010.

[8] O. Butterley and L. D. Simonelli. Parabolic flows renormalized by partially hyperbolic maps.
Boll. Unione Mat. Ital., 13(3):341-360, 2020.

[9] R. Camelier and C. Gutierrez. Affine interval exchange transformations with wandering in-
tervals. Ergodic Theory Dynam. Systems, 17(6):1315-1338, 1997.

[10] J. Carrand. Logarithmic bounds for ergodic averages of constant type rotation number flows
on the torus: a short proof. arXiv preprint arXiw:2012.07481, 2020.

[11] Y. Coudéne. Pictures of hyperbolic dynamical systems. Notices of the AMS, 53(1), 2006.

[12] Y. Coudéne. Ergodic theory and dynamical systems. Universitext. Springer-Verlag London,
Ltd., London; EDP Sciences, [Les Ulis|, 2016. Translated from the 2013 French original |
MR3184308] by Reinie Erné.

[13] B. Farb and D. Margalit. A primer on mapping class groups (pms-49). Princeton University
Press, 2011.

[14] A. Fathi, F. Laudenbach, V. Poénaru, et al. Travaux de Thurston sur les surfaces, volume
66-67 of Astérisque. Société Mathématique de France, Paris, 1979.



[15]

[16]

(17)

INVARIANT FOLIATIONS OF NON-LINEAR PSEUDO-ANOSOV MAPS 31

F. Faure, S. Gouézel, and E. Lanneau. Ruelle spectrum of linear pseudo-Anosov maps. Journal
de I’Ecole polytechnique-Mathématiques, 6:811-877, 2019.

G. Forni and C. Matheus. Introduction to Teichmiiller theory and its applications to dynamics
of interval exchange transformations, flows on surfaces and billiards. J. Mod. Dyn., 8(3-
4):271-436, 2014.

P. Giulietti and C. Liverani. Parabolic dynamics and anisotropic Banach spaces. J. FEur.
Math. Soc. (JEMS), 21(9):2793-2858, 2019.

[18] M.-R. Herman. Sur la conjugaison différentiable des difféomorphismes du cercle & des rota-

tions. Inst. Hautes Etudes Sci. Publ. Math., (49):5-233, 1979.

[19] J. H. Hubbard. Teichmiiller theory and applications to geometry, topology, and dynamics.

2016.

[20] A. Katok and B. Hasselblatt. Introduction to the modern theory of dynamical systems, vol-

ume 54. Cambridge university press, 1997.

[21] E. Lanneau. Tell me a pseudo-Anosov. Eur. Math. Soc. Newsl., (106):12-16, 2017. Translated

from the French [ MR3643215] by Fernando P. da Costa.

[22] G. Levitt. La décomposition dynamique et la différentiabilité des feuilletages des surfaces.

Ann. Inst. Fourier (Grenoble), 37(3):85-116, 1987.

[23] S. Marmi, P. Moussa, and J.-C. Yoccoz. Affine interval exchange maps with a wandering

interval. Proc. Lond. Math. Soc. (3), 100(3):639-669, 2010.

[24] D. Ruelle. A measure associated with axiom-A attractors. Amer. J. Math., 98(3):619-654,

1976.

[25] Y. G. Sinai and C. Ulcigrai. Weak mixing in interval exchange transformations of periodic

type. Letters in Mathematical Physics, 74(2):111-133, 2005.

[26] S. Smale. Differentiable dynamical systems. Bulletin of the American mathematical Society,

73(6):747-817, 1967.

[27] J.-C. Yoccoz. Echanges d’intervalles. Cours Collége de France, https://wuw.college-de-

france.fr/media/jean-christophe-yoccoz/UPL8726_yoccoz05.pdf, 2005.

[28] L.-S. Young. What are SRB measures, and which dynamical systems have them? Journal of

Statistical Physics, 108(5-6):733-754, 2002.

[29] A. Zorich. Flat surfaces. In Frontiers in Number Theory, Physics, and Geometry I, pages

439-585. Springer, 2006.

LABORATOIRE DE PROBABILITES, STATISTIQUES ET MODELISATION (LPSM), CNRS, SORBONNE

UNIVERSITE, UNIVERSITE DE PARIS, 4, PLACE JUSSIEU, 75005 PARIS, FRANCE

Email address: jcarrand@lpsm.paris


https://www.college-de-france.fr/media/jean-christophe-yoccoz/UPL8726_yoccoz05.pdf
https://www.college-de-france.fr/media/jean-christophe-yoccoz/UPL8726_yoccoz05.pdf

	1. Introduction
	1.1. Reader's guide

	2. Perturbations of pseudo-Anosov maps with hyperbolic attractors
	2.1. Perturbation of a pseudo-Anosov
	2.2. Smoothness and range of parameters
	2.3. Invariant sets

	3. Smoothness of the stable foliation and renormalized flow
	3.1. Construction of a useful open cover of Sg
	3.2. Lipschitz extension of vs to Sg 
	3.3. Differentiability of vs
	3.4. Continuity of vs with respect to 
	3.5. Renormalized flow and topological properties of K

	4. Each f is mixing
	4.1. Construction of a GIET and ht as its suspension flow
	4.2. Minimality of the flow on K
	4.3. Proof of the unique ergodicity of ht

	5. Perturbation at a regular periodic point
	5.1. Definitions, regularity and first properties
	5.2. Finer properties about dynamics of f and ht

	6. The measure 
	6.1. SRB measure and entropy of f-1
	6.2. Bernoulli and exponential mixing
	6.3. What about the Ruelle spectrum?

	References

